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Abstract
One major open problem in geometric topology is the Hilbert–Smith conjecture. A natural ap-
proach to this conjecture is to work on classifying spaces of p-adic integers. However, the well-
known Milnor’s construction of classifying space of p-adic integers is not locally connected, hence
will not help to solve the conjecture, and the other known constructions are very complex. The goal
of this paper is to give a new construction of classifying spaces for p-adic group actions.
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1. Introduction
Group actions on manifolds have been extensively studied. For instance, Hilbert’s fifth
problem asks whether every (finite dimensional) locally Euclidean topological group is
necessarily a Lie group. It was solved affirmatively by Gleason. Montgomery and Zippin
provided the solution for locally compact groups in 1952.
Theorem [7]. A locally compact, finite dimensional, locally-connected group is a Lie
group.
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162 Z. Yang / Topology and its Applications 153 (2005) 161–170One major open problem in geometric topology is a generalization of the Hilbert’s fifth
problem, called the Hilbert–Smith conjecture:
Hilbert–Smith Conjecture. Among all locally compact groups only Lie groups can act
effectively on (finite-dimensional) manifolds.
Remark.
(1) It follows from the work of Newman [9] and Smith [12] that to prove the Hilbert–
Smith conjecture it is sufficient to prove that Ẑp cannot act effectively on a man-
ifold, where Ẑp denotes the group of p-adic integers. It can be defined as Ẑp =
lim← {φn :Z/p
n+1
Z → Z/pnZ}, where φn is the mod pn mapping. See [6] for some
related results.
(2) There is a weaker version of the Hilbert–Smith conjecture which asserts that Ẑp cannot
act freely on a manifold.
There is also a generalization of the weaker version Hilbert–Smith conjecture which is
called the free-set Z-set conjecture.
Free-Set Z-Set Conjecture. Suppose that G × E → E is an action of a Cantor group G
on an ENR E, then the free-set of the action is a homology Z-set in E.
Definition. An ENR (Euclidean neighborhood retract) is any space can be embedded into
some Euclidean space as a retract of one of its neighborhoods. A Cantor group is a topo-
logical group whose underlying space is a Cantor set, for example, the group of p-adic
integers.
The free set of the action is the subset of E upon which G acts freely.
A homology Z-set in an ENR E is any subset of the set {x ∈ E | H∗(E,E − {x}) = 0}.
Here, the most interesting and intractable family of Cantor group are the groups of p-
adic integers. Like the Hilbert–Smith conjecture, one has to study p-adic group actions to
prove or disprove the free-set Z-set conjecture.
A natural approach to the above conjectures is to work on classifying spaces of Ẑp . Let
µn denote the n-dimensional Menger compactum. µn is universal in the sense that any
n-dimensional compact metric space can be embedded in it. Bestvina [2] has characterized
the n-dimensional Menger compactum as the unique (n−1)-connected and (n−1)-locally
connected compactum of dimension n having the disjoint n-cells property. Although no ef-
fective action of p-adic group on manifolds has yet been constructed, there do exist free
p-adic group actions on Menger compacta. The earliest construction is given by Dranish-
nikov [4]. In [1], S.M. Ageev proved that µn is n-universal for free actions of Ẑp . That is,
for any free Ẑp action on µn, if X also supports a free Ẑp action such that dim(X/Ẑp) n,
and A ⊂ X is a closed invariant subset, then any Ẑp-equivariant mapping ϕ :A → µn can
be extended equivariantly to all of X. He conjectured: for any positive integers m, n and
any 0-dimensional compact metric group G, if µm+n and µn are free G-spaces then there
is no equivariant map µm+n → µn. Proving this conjecture would mean that there are no
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conjecture also sets the stage for proving the free-set Z-set conjecture. This is one of the
reasons why mathematicians are interested in p-adic group actions on Menger compacta.
Let X be a µn-manifold. There are three constructions of Ẑp actions on X.
(1) Every compact 0-dimensional metrizable group G acts effectively on X so that
dimX/G = n. Hence p-adic group acts on Menger compacta. Dranishnikov [4] and
Mayer and Stark [8] constructed this using Pasynkov’s partial product description
of µn. Sakai [11] has another construction.
(2) Ẑp acts freely on X so that dimX/Ẑp = n + 1. This example depends on the work of
Bestvina, Edwards, Mayer and Stark [8].
(3) Ẑp acts on X so that dimX/Ẑp = n+ 2. This was done by Mayer and Stark [8], based
on a construction by Raymond and Williams [10].
All the constructions above are very complex and not easy to visualize. The goal of
this paper is to give a new and more intuitive construction of free Ẑp action on µn. It is
equivalent to the first construction.
2. Some technical lemmas
Definition. Let X be a topological space, A ⊂ X be a closed subset. Given an ε > 0, A is
called an (n, ε)-absorber of X provided that for any map f :Sk → X, k  n, there exists a
homotopy H :Sk × I → X such that:
(a) H is an ε-homotopy, that is, for any x0 ∈ Sk , diam(Im(H(x0, ·))) ε,
(b) H is fixed over A, that is, H(x, t) = f (x), for any x ∈ f−1(A),
(c) H carries f into A, that is, H(x,0) = f (x), and Im(H(·,1)) ⊂ A.
Roughly speaking, A is an (n, ε)-absorber if, for any f , there exists a homotopy pushing
f into A by a small motion keeping the images in A fixed.
Lemma 1. Let Rn+1 be partitioned into identical cubes of side 1 in the standard way. Then
the n-skeleton, denoted as A, is a codimension 1, n-connected, n-locally connected subset
of Rn, and it is an (n,√n + 1 )-absorber.
Remark.
(1) X is n-locally connected (LCn) if for every x ∈ X and every neighborhood U of x
there exists a smaller neighborhood V of x with the property that πk(V ) = 0.
(2) Given any ε > 0, for any Menger compacta, or any locally Euclidean spaces, we can
construct codimension 1, (n, ε)-absorbers.
(3) Lemma 1 and Lemma 3 below may be well known, but we give the proof here for
completeness. In the proof, we need the following theorem of J. Dugundji:
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are equivalent:
(1) Y is LCn, n finite.
(2) If X is metric, A ⊂ X closed, and dim(X − A) n + 1, then every f :A → Y can be
extended over a neighborhood W ⊃ A in X.
(3) For each y ∈ Y , and neighborhood U ⊃ y there is a neighborhood V , y ∈ V ⊂ U such
that: if X is metric, A ⊂ X closed, and dim(X − A)  n + 1, then every f :A → V
has an extension F :X → U .
(4) For each y ∈ Y , and neighborhood U ⊃ y there is a neighborhood V , y ∈ V ⊂ U such
that: if X is metric, dimX  n, then every f :A → V is null-homotopic in U .
Proof of Lemma 1. It is enough to prove the following: Let D denote a unit closed cube
in Rn+1, and A = Cl(Rn+1 − D), the closure of Rn+1 − D, then A is an (n,√n + 1 )-
absorber of Rn+1. Given any f :Sk → Rn+1, let K = f−1(A) ⊂ Sk , L = Cl(Sn −K), then
f |K :K → A can be extended to an f ′ :Sk → A such that f ′(L) ⊂ Bd(D), and d(f,f ′) <√
n + 1. By a similar argument, we can get a homotopy H :Sk × I → Rn+1, such that H
is fixed on K × I , and H(L × I ) ⊂ D, H0 = f , H1 = f ′, so H is a (
√
n + 1 )-homotopy.
This finishes the proof. 
Lemma 3. Let M be a compact n-locally connected metric space. Then for any ε > 0,
there exists a δ > 0, such that for any maps f1, f2 :Sn → M , if d(f1, f2) < δ, then they
are ε-homotopic to each other.
Proof. (1) M is a compact n-locally connected metric space, then for any ε > 0 there
exist 0 < δ0 < δ2 < · · · < δn < δn+1 = ε, such that for any (n + 1)-cube L, and any
gi :L
(i) → M , with diam(Im(g|L(i) )) < δi , gi can be extended to a map gi+1 : L(i+1) → M ,
such that diam(Im(gi+1|L(i+1) )) < δi+1.
(2) Let δ = δ0/2. There exists an subdivision of Sn into simplexes such that for
any simplex σ , diam(f1(σ )) < δ, and diam(f2(σ )) < δ. By (1), there exists a map
H :Sn × I → M , such that for any σ , diam(H(σ × I )) < ε, H(x,0) = f1(x) and
H(x,1) = f2(x). 
If M,X,Y are compacta, M = X∪Y , and X∩Y is an (n, ε)-absorber of Y , then for any
f :Sk → M , k  n, there exists an ε-homotopy H that carries f into X keeping images
in X fixed. Moreover, if we have compacta W,X1,X2, . . . ,Xm, where W =⋃Xi , and
for any 1  i  m − 1 (⋃ij=1 Xj) ∩ Xi+1 is an (n, εm)-absorber of Xi+1, then for any
f :Sk → W , k  n, there exists an ε-homotopy H which carries f into X1 keeping the
images in X1 fixed, that is, X1 is an (n, ε)-absorber of W . Hence we have the following
lemma.
Lemma 4. Let W be the space constructed above. For any map f :Sk → W , k  n, there
exists an ε-homotopy H which carries f into X1 keeping the images in X1 fixed. Hence if
X1 is n-connected, then W is n-connected.
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For each i = 1,2,3, . . . , n + 1, let Ci be a countable dense subset of the unit interval
I = [0,1], such that if i = j , then Ci ∩Cj = ∅. For any finite set F ⊂ I , we define L(F) =⋃n
k=1{(x1, x2, . . . , xn) | xk ∈ F } ⊂ In.
Lemma 5.
(1) If F is an ε-net of I , then L(F) is an (n − 1,√nε)-absorber of In.
(2) If Fi ’s, i = 1,2, . . . , n + 1, are mutually disjoint, then the intersection ⋂n+1i=1 L(Fi) =∅.
(3) If each Fi is an εi -net of I , i = 1, . . . , k, then⋃ki=1 L(Fi) is an (n−1,
√
nε)-absorber
of In, where ε = min{εi}.
Proof. (1) The set L(F) cuts In into small cubes with diameter < √nε. It follows from
Lemma 1 easily that L(F) is an (n − 1,√nε)-absorber of In.
(2) If (x1, x2, . . . , xn) ∈⋂n+1i=1 L(Fi), then for each i, there is an xj ∈ Fi , and 1 j  n.
However, there are n + 1 Fi ’s, Fi ∩ Fk = ∅, only n xj ’s. Contradiction!
(3) We have ⋃ki=1 L(Fi) = L(
⋃k
i=1 Fi), where
⋃k
i=1 Fi is an ε-net of I . By (1),⋃k
i=1 L(Fi) is an (n − 1,
√
nε)-absorber of In. 
The construction. We will first construct a sequence of sets {kLi} inductively.
Step 1. Take a 0 < ε1 < 1. For each i ∈ {1,2, . . . , n + 1}, take a finite ε1√n -net of Ci ,
denote it as 1Fi . Let 1Li = L(1Fi).
Suppose step m is finished.
Step m + 1. From the previous steps, we can determine a constant am (we will explain
how to choose those constants am’s after Lemma 6). Choose an εm+1 > 0, such that
εm+1 < εm/
(
amp
(n+1)×(m+1)).
For each i ∈ {1,2, . . . , n + 1}, take a finite εm+1√
n
-net of Ci , denote it as m+1Fi , such that
mFi ⊂ m+1Fi . Let m+1Li = L(m+1Fi).
Remark. Fix i, the sequence {mLi}∞m=1 is an increasing sequence of closed subsets of
In, each mLi is an (n − 1, εm)-absorber of In. Fix m, any nonempty union of mLi ’s is
an (n − 1, εm)-absorber of In, and the intersection ⋂n+1i=1 mLi = ∅. The last property will
ensure that the Ẑp action in our construction is a free action.
Let Ẑp be the p-adic integer group, whose underlying space is a Cantor set. Let X =
In × (Ẑp)n+1, and π :X → In denote the projection to the first factor In. Now the group
G = (Ẑp)n+1 acts on X freely. Let kẐp denote the kernel of the canonical map Ẑp →
Z/pkZ, which is an index pk subgroup of Ẑp . Let 0Ẑp = Ẑp .
In the space X, we define an equivalent relation.
(x, r1, r2, . . . , rn+1) ∼ (x′, r ′1, r ′2, . . . , r ′n+1) if x = x′ and for some k  1, one of the
followings happens:
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(2) x ∈ kL2, r ′2 ∈ r2 · k−1Ẑp , and ri = r ′i for i = 2;
...
(n + 1) x ∈ kLn+1, r ′n+1 ∈ rn+1 · k−1Ẑp , and ri = r ′i for i = n + 1.
These generate an equivalent relation. Denote the quotient space as W . For convenience,
if no ambiguity arises, let us denote π : In × (Ẑp)n+1 → W the projection. There is a
canonical projection W → In. Now the group G = (Ẑp)n+1 acts on W effectively, and Ẑp
acts on W freely as the diagonal subgroup of (Ẑp)n+1 (see last remark). This finishes the
construction and we will show that W is the n-dimensional Menger compactum.
Remark. If we just use a positive decreasing sequence {εk}∞k=1 with a convergent sum in
the above construction, then the resulting space W is still a Menger compactum with a free
Ẑp action, but the proof will be a little bit longer.
The subspaces Wm’s and a metric on W . For convenience, I want to construct some
subspaces Wm’s of W and a natural metric on the space W . We have the following maps:
(1) If we forget the group structure, then Zpm  {0,1, . . . , pm −1}. There is a canonical
embedding Zpm ⊂ Zpm+1 defined by a → a.
(2) The projection φm :Zpm+1 → Zpm is defined by a → a (mod pm).
(3) The space Ẑp is the inverse limit of {φm :Zpm+1 → Zpm}. For any m > 0, there is a
canonical map pm : Ẑp → Zpm .
(4) On the other hand, Ẑp is canonically homeomorphic to a subgroup G of
∏∞
k=1Zpk .
G consists of all the elements of the form (a1, a2, . . .), where am = φm(am+1). For any
a ∈ Zpm , we define rm(a) ∈ Ẑp as the unique element such that its image in G is rm(a) =
(a1, a2, . . .) and ak = a for all k m. Denote the set {rm(a) | a ∈ Zpm} as Am, hence we
have an embedding rm :Zpm  Am ⊂ Ẑp . It induces maps Am ⊂ Ẑp → Zpm  Am, and
pm ◦ rm = IdZpm . The (m + 1)-fold products of those maps naturally define:
In × (Am)n+1 i−→ In ×
(
Ẑp
)n+1 → In × (Zpm)n+1 → In × (Am)n+1
We have the following diagram:
In × (Am)n+1 i
πm
In × (Ẑp)n+1
π
In × (Am)n+1
πm
Wm
im
W
qm
Wm
In the diagram, Wm is defined as the image of π ◦ i in W . Wm naturally embeds in Wm+1.
It is not hard to see that Wm is compact and connected, and is determined by the inductive
construction steps 1 to m. By Lemma 4 of last section, W1 is (n − 1)-connected.
There is a natural metric on W which will be helpful to simplify our proof.
(1) The space Ẑp is homeomorphic to a Cantor set. It has a metric d ′, such that diameter
of kẐp is 1pk . Let d denote the Euclidean metric on I
n
.
(2) Take any g,g′ ∈ G = (Ẑp)n+1, we define d ′(g, g′) = ∑d ′(gi, g′), where g =i
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(3) In the space Xm = In × (Am)n+1, for any x = (x1, x2), x′ = (x′1, x′2) ∈ Xm, where
x1, x
′
1 ∈ In and x2, x′2 ∈ (Am)n+1, we define
d˜m(x, x
′) = d(x1, x′1) + d ′(x2, x′2).
(4) The space Wm is path connected. By the construction, it is a union of finitely many
copies of In’s. For any x, x′ ∈ X, there exists a piecewise linear path c : [0,1] → X con-
necting qm(x) and qm(x′) in Wm. The path c is a union of finitely many pieces of straight
line segments, each lying in a copy of In. Let l(c) denote the sum of lengths of all those
line segments. Let d∗(qm(x), qm(x′)) = inf{l(c)}, where the inf is over all possible c’s
connecting qm(x) and qm(x′) in Wm. Define
dm
(
qm(x), qm(x
′)
)= min{d∗(qm(x), qm(x′)), d˜m(qm(x), qm(x′))}.
(5) For any x, x′ ∈ W , let d(x, x′) = supm{dm(qm(x), qm(x′))}.
Roughly speaking, we take a natural metric on In × (Ẑp)n+1, then make it compatible
with the quotient structure on W using step (4) above.
The (n − 1)-(locally) connectivity of W .
Lemma 6.
(1) Wm is a (n − 1, εm/am)-absorber of Wm+1.
(2) Wm is locally contractible and (n − 1)-connected.
Proof. (1) For any a ∈ Ẑp , rm+1 ◦ pm+1(a) ∈ rm ◦ pm(a) · mẐp . Likewise, for any
(a1, . . . , an+1) ∈ In × (Am+1)n+1, we have ai = rm+1 ◦ pm+1(ai) ∈ rm ◦ pm(ai) · mẐp
for i = 1,2, . . . , n+ 1. Denote a′i = rm ◦ pm(ai). It follows from our construction that(
im+1 ◦ πm+1
(
In × {(a1, . . . , an+1)}))
∩ (im+1 ◦ πm+1(In × {(a1, . . . , an, a′n+1)
})) = ∅,
...(
im+1 ◦ πm+1
(
In × {(a1, a′2, . . . , a′n+1)
}))
∩ (im+1 ◦ πm+1(In × {(a′1, . . . , a′n+1)
})) = ∅,
im+1 ◦ πm+1
(
In × {(a′1, . . . , a′n+1)
}) ∈ Wm.
Actually, the intersections are all (n − 1, εm+1)-absorbers. Since In × (Am+1)n+1 has
p(n+1)×(m+1) copies of In, we conclude that Wm is an (n − 1, εm+1 × p(n+1)×(m+1))-
absorber of Wm+1. Furthermore, εm+1 < εm/(amp(n+1)×(m+1)), we know that Wm is an
(n − 1, εm/am)-absorber of Wm+1.
(2) By (1), any map f :Sk → Wm, k  n − 1, is homotopic to a map f :Sk → Wm−1.
Since W1 is (n − 1)-connected, so is Wm. Furthermore, Wm is locally contractible by the
following reason. Let S denote the set of all (n−1)-dimensional vector spaces generated by
n − 1 vectors from {e1, . . . , en}, where {e1, . . . , en} is the standard basis of Rn. Let Rn+ be
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to Rn (or Rn+) or many copies of Rn (or Rn+) glued together along some sets from S. 
Remark.
(1) Since Wm is locally contractible, there is a δm > 0, such that for any p ∈ Wm, the ball
B(p, δm) is contractible. Any two points p1,p2 ∈ B(p, δm) is connected by a unique
shortest path c(p1,p2) : I → B(p, δm), and the path c(p1,p2) depends continuously
on p1,p2. We can pick am big enough, such that εm/am < δm/8, and we can also
require that δm+1 < δm/2.
(2) The constant δm depends only on Wm, which is determined by our construction steps 1
to m. So am and εm+1 can be determined inductively: step 1 ⇒ · · · ⇒ step m ⇒
Wm ⇒ δm ⇒ am ⇒ εm+1 ⇒ step m+ 1 ⇒ · · · .
For any f :Sk → W, m > 0, define map fm = im ◦ qm ◦ f :Sk → Wm ⊂ W . The image
of fm lies in Wm ⊂ Wm+1.
Lemma 7. fm+1 is 2(εm/am)-homotopic to fm in Wm+1.
Proof. Wm is a (n−1, εm/am)-absorber of Wm+1. So fm+1 is εm/am-homotopic to a map
f ′m whose image lies in Wm. On the other hand, we have fm = qm ◦ fm+1, f ′m = qm ◦ f ′m.
So d(f ′m,fm) = d(pm◦f ′m,qm◦fm+1) d(f ′m,fm+1) < εm/am < δm/8. Any B(p, δm) ⊂
Wm is contractible, and for any x ∈ Sk , f ′m(x) and fm(x) is connected by a unique shortest
path in Wm. Hence there is a canonical (εm/am)-homotopy sending f ′m to fm. In short,
fm+1 is 2(εm/am)-homotopic to fm, and the homotopy can be chosen to keep the images
of fm+1 in Wm fixed. 
Lemma 8. Wm is an (n − 1, δm/2)-absorber of W .
Proof. Take an arbitrary f :Sk → W, k  n − 1. We have a series of homotopies
fm  fm+1  fm+2  · · · . On the other hand, ∑∞j=m 2(εj /aj ) <
∑
s∞j=m2(δj /8) < δm/2,
and limj→∞ fj = f . Hence we have a (δm/2)-homotopy between fm and f , and this
homotopy can be chosen to keep the images in Wm fixed. 
Lemma 9. The space W is (n − 1)-connected and (n − 1)-locally connected.
Proof. Take any f :Sk → W, k  n − 1, f is δ1/2-homotopic to a map f ′ :Sk → W1.
Since W1 is (n − 1)-connected, f ′ and f are null homotopic. Take any f :Sk → W , such
that diam(Image(f )) < δm/4. f is δm/2-homotopic to a map f ′′ :Sk → Wm. The image
of f ′′ has diameter < 34δm. On the other hand, for any p ∈ Wm, the ball B(p, δm) ⊂ Wm is
contractible. We conclude that W is (n − 1)-locally connected. 
Dimension and the disjoint m-cells property.
Definition. The Urysohn n-diameter of a space X is the infimum dn(X) of all positive
numbers ε such that there is a an ε-map f :X → Y for some n-dimensional space Y .
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dimX  n.
Lemma 11. The space W is n-dimensional and satisfies the disjoint n-cells property.
Proof. (1) We have the ε-map qm :W → Wm, where Wm is n-dimensional, limm→∞ ε = 0.
Hence W has Urysohn n-diameter 0, so dimW  n. On the other hand, dimW 
dimWm = n, so dimW = n.
(2) We have the following commutative diagram:
In × (Am)n+1 In × (Am+1)n+1 In × (Ẑp)n+1
Wm Wm+1 W
Wm ⊂ Wm+1 ⊂ W , and Wm+1 is a union of p(n+1) copies of Wm. The group (Zpm+1)n+1
acts on the space In × (Am+1)n+1. This induces an effective action of (Zpm+1)n+1 on
Wm+1. For any (a1, . . . , an+1) ∈ (Zpm+1)n+1, let (a1, . . . , an+1) ∗ p denote the image of
the point p ∈ Wm+1. Notice that Wm and (1,1, . . . ,1) ∗Wm are disjoint from each other in
Wm+1, so they are also disjoint from each other in W . On the other hand, there is a natural
projection qm :W → Wm. Let q ′m = (1,1, . . . ,1) ∗ qm :W → (1,1, . . . ,1) ∗ Wm. For any
maps f1, f2 : In → W , let f ′1 = qm ◦f1, f ′2 = q ′m ◦f2. Then f ′1 and f ′2 have disjoint images,
and d(f1, f ′1) and d(f2, f ′2) can be arbitrarily small if m is large enough. 
Theorem 12. The space W is homeomorphic to the n-dimensional Menger compactum.
Proof. This follows from Bestvina’s theorem [2]: the n-dimensional Menger compactum
is the unique (n− 1)-connected and (n− 1)-locally connected compactum of dimension n
having the disjoint n-cells property. 
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